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6.0. CeBOCxBaHOB (>Khxomhpcbkhh ^epjKaBHHii yniBepcHxex Im. I. OpanKo) 

E.A. Sevost’yanov (Ivan Franko Zhitomir State University) 

O paBHOCxeneHHofi nenpepbiBHOCxH roMeoMopcJjHSMOB b saMBiKaHHH o 6 jiacTH 
MexpHHecKoro npocxpancTBa 

IIpo oflHOCxaiiHy nenepepBHicTB roMeoMopcJjisMiB b aaiviHKaHHi o6jiacxi Mex- 
pHHHoro npocTopy 

On equicontinuity of homeomorphisms in a closure of a domain in metric 
spaces 

B paGoxe naynaioxcn roMeoMop4)H3MBi na MexpnnecKnx npocxpancxBax, ohohmajo nT ne 
KBa3HKOH(|)opMHBie oxo6pa>KeHHH. ycxanoBjieno, nxo ceMencxna yKa3aHHBix oxoGpajKennn 
npn onpe^ejieHHBix ycjiOBnnx na MexpnnecKne npocxpancxBa n rpannpBi cooxBexcxByroipHX 
oGjiacxen aBjinioxcn paBHocxenenno nenpepBiBHBiMH b BaMBiKannH Ba^aHHon oGjiacxn. 

B po6oxi BHBnaioxBcn roMeoMop4)i3MH na Mexpnnnnx npocxopax, ipo y3arajiBHioioxB KBa- 
BiKOHcJiopMHi Bi;];o6pa>KeHH3. BcxaHOBjieno, ipo ciM’i BKaBannx Bi^oOpaxcenn 3a ^enKnx yMOB 
na Mexpnnni npocxopn i Meaci Bi^noBi^nnx ohjiacxen e o^Hocxanno nenepepBHHMH b 3aMH- 
Kanni Ba^anoi oGjiacxi. 

In the present paper, homeomorphisms in metric spaces which generalize qnasiconformal 
mappings, are investigated. It is proved that, at some conditions on metric spaces and 
bonndaries of corresponding domains, families of above mappings are eqnicontinnons in a 
closnre of a given domain. 


2 


1 . BBefleHHe. B HacTOJimeH aaMexKe pent n^ex o6 HayneHHH roMeoMopcjDHSMOB, npe^- 
cxaBjiaiomHx co6oh KBasHKOHcJiopMHBie oxo6pa>KeHH5i c BecoM (cm. m rji. 7], H H m)- S^ecB 
MBi Hccjie^yeM jioKajiBHoe noBeflenne xax nasBiBaeMBix Q-roMeoMop(|)H3MOB, HaynaBineecH 
aBxopoM B M”, B McxpHHecKHx npocxpaHcxBax (cm., Hanp., jl] h 0)- ynOMHHCM XaKJKC pa- 
6oxy j6] , r^e npHBc^eHo onncaHHe mhoxhx cbohcxb Q-roMeoMop4)H3MOB b McxpnHecKHx npo- 
cxpancxBax. S^ecB, b nacxHocxH, 3axpoHyxBi BonpocBi rpaHHHHoro noBe^cHHa h ycxpaHCHHa 
H30JIHp0BaHH0H OCOGCHHOCXH, O^HaKO BOnpOCBI JIOKajIBHOXO nOBeflCHKH, a XaKJKC HCKOXOpBie 
^pyrne BonpocBi xyx ne Gbijih HByncHBi. 

Xopomo H3BecxHo, hxo oxoGpajKCHHH KjiaccoB Co6ojieBa h OpjiHHa-Co6ojieBa b npo- 
cxpancxBc M"" y^oBjiexBopaiox cooxHomcHHHM BH^a 

M(/(r)) ^ J Q{x)r]'^{\x - xo\)dm{x) (1) 

£<|a;—xo|<eo 

£0 

npoH3BOJiBHOH H3MepHMOH HO JIcGcxy (|)yHKii,HH T] : [e, £9] [O, cxd] XaKOH, HXO / r]{t)dt ^ 

£ 

1, r^e r - ceMCHCxBo kphbbix, coe^^HHHiomHx c(|)epBi c penxpoM b xchkc Xq h pa^nycoB £ 
n Eq, m - Mcpa JleGera b M”, a M - koh4)opmhbih Mo^yjiB ccmchcxb kphbbix (cm., nanp., 
[Zl cjie^cxBHe 5] H in xeopcMa 1]). Hama GjiHJKaiimaH pejiB - H3yHHXB HCKoxopBie cBoficxBa 
oxoGpaxceHHH anajiorHHHBiM xcm, hxo ypoBjiexBopaiox cooxHomcHHHM ([T]), b McxpHnecKHx 
npocxpancxBax. Ochobhoc BHHMaHHc ypejiHcxca cBoficxBy paBHocxencHHofi nenpepBiBHocxH 
oxoGpajKCHHH B 3aMBiKaHHH oGjiacxH. 

OcxaHOBHMCH xcHcpB Ha cxaxBc [9], rpe naMH Gnijia noKaBana paBHocxenennaH nenpe- 
pBIBHOCXB ynOMHHyXBIX OXo6pa>KeHHH B n-MCpHOM eBKJIHpOBOM npOCXpaHCXBC. OxMCXHM, 
HXO 3peCB pCHB HpCX O paBHOCXCnCHHOH HCHpcpBIBHOCXH OXoGpaJKCHHH B 3aMBIKaHHH o6- 
JiaCXH, BKJHOHaH KaK BHyxpCHHHC, XaK H rpaHHHHBie XOHKH. ZI,OnOJIHHH pe3yjIBXaXBI 3XOH 
pa6oxBi, MBI HOKajKeM, Hxo yKa3aHHBie cBoflcxBa hmciox mccxo b 6ojiee o6iii;hx mcxphhcckhx 
npocxpancxBax, a ne xojibko b M”. TaKHM o6pa30M, ocHOBHaa pejiB nacxoHipeH cxaxBH - pac- 
npocxpaHCHHe pe3yjiBxaxoB, KacaioipHxcH paBHocxenennoH nenpepBiBHocxH opnoro Kjiacca 
oxo6pa>KeHHH b 3aMBiKaHHH o6jiacxH, Ha hckoxopbih Kjiacc McxpnnecKHx npocxpaHcxB. 

HanoMHHM cjiepyioipHe onpepejieHHH. B pajiBHenmeM {X,d,fi) h {X',d', fi') - McxpHne- 
CKHC npocxpancxBa c MexpHKaMH d r d' n Gopcjicbckhmh McpaMH /i h /i'. Kpueou 7 b X 
Ha 3 BiBaexcH nenpepBiBHoe oxoGpanceHHe 7 : [a,b] —)■ X. /^jiuhou Kpueou 7 ua ompeene [a, h] 
Haeueaemcsi eeAuuuua 

n 

/(7) := sup d(7(ti), 7(ti_i)) , 

i=l 

rpe sup 6epexc5i no bccm bo3mo>khbim pa36HeHHHM a = to ^ ti ^ ... ^ tn ■= b. Ecjih 
^(7) < 00, KpHBaH Ha 3 BiBaexcH cnpHMjiHeMOH H, 3 HauHx, KoppcKXHo onpepejiena (JiyHKpHu 
pjiHHBi s.y{t), oBHauaroipan pjiHHy KpHBoii 7[a,t], t G [a,b]. B xukom cjiyuae, hmccx mccxo 
npepcxaBjicHHc 


7(t) =7^0 s^{t) , 
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r^e 7° Hast-iBaeTca HopMUAhHUM npedcmaeAenueM kphboh 7. HHxerpajioM ox GopejieBCKoii 
4 )yHKij,HH p : G ^ [ 0 , cxd] HasBiBaexcH BejiHHHHa 

ih) 

j p{x)\dx\ = J p{'^^{t))dt. 

7 0 

Hot, ceMeflcxBOM kphbbix F no 7 ;pa 3 yMeBaexcH neKoxopBin (|)HKCHpoBaHHBiH naGop kphbbix 
7. BopejieBa (l^yHKpHH p : X —)• [ 0 , cxo] nasBiBaexca donycmuMou ceMeiicxBa F kphbbix 
7 B M", ecjiH 

/pWM.|>1 (2) 

7 

Bcex (jIOKajIBHO CnpHMJIHeMBIx) KpHBBIX 7 G F (x.e., npOH 3 BOJIBHaH KpHBaH 7 CeMefiCXBa 
F HMeex 7;jiHHy, He MeHBinyio 1 b MexpHKe p). B sxom cjiynae mbi nnineM: p G admF. 

(JiHKCHpoBaHHoro p ^ 1 p-ModyACM ceMeHcxBa kphbbix F Ha 3 BiBaexcH BejiHHHHa 

Mp(F) = inf [ p‘’{x)dp{x). 

p£ adm F J 
X 

Flpn 3XOM, ecjiH admF = 0 , xo nojiaraeM: Mp(F) = cxo (cm. [TOl pa37,. 6 na c. 16 ]). 

FoBopnx, Hxo ceMencxBo kphbbix F i MUHopupyemcsi ceMeflcxBOM F2, nnmeM Fi > F2, ecjiH 
7;jia KaJK7;oH kphboh 7 G Fi cyipecxByex no7;KpHBaH, Koxopan npHHa7,JieJKHX ceMeflcxBy F2. 
B 3XOM cjiynae, 

Fi>F 2 ^ Mp(Fi) < Mp(F2) ( 3 ) 

(cm. m xeopeMa Ij). 

FlycxB E, F G X - npoH3BOJiBHBie MHOJKecxBa. B 7;ajiBHeHmeM Bcio7;y chmbojiom F(ii^, F, X) 
MBI o6o3HaHaeM ceMeficxBo Bcex kphbbix 7 : [a,b] X, KoxopBie coe7;HHHiox E n F b X, 
x.e. 7(a) G E, 7(6) G F H 'j{t) G X npn t G (a, b). FlycxB G n G' - odjiacxH c KoneHHBiMH 
xayc7,op(|ioBBiMH pa 3 MepHocxHMH a^ 2 Ha;'^ 2 B MexpnnecKHx npocxpancxBax {X, d, p) h 
(X', d', p'), cooxBexcxBeHHo, h nycxB Q : G —)■ [ 0 , 00] - H 3 MepHMaH cJiyHKpHH. Bcio7;y 7;ajiee 

B{xo, r) = {x G X : d{x, Xq) < r} , ^(xo, r) = {x G X : d{x, Xq) = r} , 

A = A(xo,ri,r2) = {x G X : ri < d(x,Xo) < r2} . ( 4 ) 

3 a(|)HKCHpyeM p, g ^ 1 h 6y7,eM Ha3BiBaxB roMeoMopcJiHBM f : G ^ G' KOAhpeeuM (p, q, Q)- 
eoMeoMop^usMOM e moHKe Xq G G, ecjin npn jho6bix 0 < ri < r2 < dist (xq, dG) h pjis 
jhoGbix c(|iep Si = S(xo,ri) h S2 = S(xo,r2) BBinojiHeno nepaBencxBo 

Mp(/(F(S'i,S'2,p4))) ^ j Q{x) ■p'>{d{x,Xo))dp{x) ( 5 ) 

A 

Ka::^^OH H3MepHMOH 4)yHKn,HH rj: (ri,r2) [0, oc] xaKOH, hto 

r2 

J ri{r)dr ^ 1, 

ri 


( 6 ) 
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r^e A = A(xo,ri,r2). 

IlycTb {X, d) H {X',d') — MexpHHecKHe npocxpancTBa c paccxoHHHHMH d h d', cooxBex- 
cxBeHHo. CeMeficxBo ^ nenpepBiBHBix oxo6pa>KeHHH /: X —>■ X ' nasBiBaexca uopMajihuuM, 
ecjiH H 3 jik)6oh nocjie^oBaxejiBHocxH oxo6pa>KeHHH fm^d mojkho BBi^ejinxB no^nocjie^oBa- 
xejiBHocxB /mj., Koxopas cxo^HxcH jioKajiBHo paBHOMepHo B X (x.e., paBHOMepHo Ha jiio6bix 
KOM naKXHBix no^MHOJKecxBax X) k HenpepbiBHofl cJiyHKpHH /: X —)■ X'. 

BBe^eHHoe noHHxne onenb xecHo cBsaano co cjie^yiomHM. CeMencxBo ^ oxo6pa>KeHHH 
/: X —)■ X' HasbiBaexcH paenocmeneHuo nenpepuenuM e mouKe xq G X, ecjiH ^jih jhoGoxo 
£ > 0 Hafi^excH xaKoe 5 > 0, hxo d' {f {x), f (xq)) < e ^jih Bcex xaxHx x, hxo d{x,xo) < S 
H fljiH Bcex f E FoBopHx, HXO ^ paeHocmeneHHo Henpepueno, ecjin ^ paBHocxenenno 
HenpepBiBHo b KajK^ofi xonxe Xq G X. CorjiacHo o^hoh h3 Bepcnfi xeopeMBi Appejia-AcKOJiH 
(cm., Hanp., [Tn( nyHKx 20.4]), ecjiH (X, d) — cenapaGejiBHoe MexpanecKoe npocxpancxBo, a 
(X', d') — KOMnaKXHoe MexpHnecKoe npocxpancxBo, xo ceMeflcxBo oxoGpaxceHHH / : X —)■ 
X' HopMajiBHo xor^a h xojibko xor^a, Kor^a ^ paBHocxenenno nenpepniBno. 

Cjie^yion^ee onpe^enenne Moncex Gbixb nan^eno, nanp., b P pa3fl. 4 ]. By^eM roBopnxn, 
HXO HHxerpnpyeMan b B{xo,r) (jDynKpnH ip: G ^ W HMeex KOHeunoe cpednee KOJiedanue b 
xoHKe Xq G G, nnmeM p G FMO{xo), ecjin 

limsup / -^ / \p{x) - p^\dp{x) < oo, 

p[B[xq, e)) J 

B{xo,£) 


B(xo,£) 

IlycxB (X, d, /i) — MexpnnecKoe npocxpancxBo c MexpnKon d, Ha^eHennoe jioKajinno ko- 
nennoH GopejieBCKoii Mepon p. Cjie^yn [121 pas^eji 7 . 22 ] Gy^eM roBopnxn, hxo GopejieBa 
4)yHKn;H5i p\ X —)■ [0, oo] nBjinexcn eepxHUM epaduenmoM (JiynKpHn u\ X —)■ M, ecjin pjis 
Bcex cnpnMjineMBix KpnBBix 7, coe7;HHHion];HX xohkh x h y E X BBinojinnexcn nepaBencxBO 

\u{x) —u{y)\ ^ J p \dx\. By7;eM xannce roBopnxn, hxo b ynaBannoM npocxpancxBe X bbihoji- 
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nnexcn (l;p)-HepaBeHCXBO HyanKape, ecjin HaH 7 ;yxc 5 i nocxonnHBie G ^ 1 n r > 0 xan, hxo 
pjis KaJK7;oro mapa B G X, npoH 3 BOJiBHOH jiOKajinno orpannHennon nenpepniBHon (|)yHKn,HH 
m: X —)• M n jnoGoro ee Bepxnero rpa7;HeHxa p BBinojinnexcn cjie7,yion];ee HepaBencxBo: 


1 

W) 


I 


u — UB\dp{x) ^ G • (diami?) 



i/p 




r7;e ub '■= J udp{x). MexpnHecKoe npocxpancxBo {X,d,p) Ha 30 BeM Q-peeyA^puuM no 

AAh^opcy npn nenoxopoM Q ^ 1, ecjin npn KaJK7;oM xq G X, neKoxopon nocxoannon G ^ 1 
n npoH 3 BOjiBHoro R < diamX 


^ p{B{xo,R)) ^ CR^. 
o 
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Sflecb HHor^a Gepyxca aaMKHyxMe mapt-i B (a:o, R) , cxo BBH^y npe^ejiBHBix cbohcxb MepBi 
He HBjiaexcH npHHpHHHajiBHBiM (cm. [131 xeopeMa 9.1, rji. I]). Kax HSBecxHo, a-peryjuipHBie 
no AjiBc|)opcy npocxpancxBa HMeiox xayc^opcJiOBy pasMepnocxH a (cm. [T^ c. 61-62]). Bojiee 
xoro, Hexpy^Ho BH^exB, nxo b xaxHx npocxpancxBax o6jiacxH G xannce HMeiox xayc^opcjio- 
By pasMepHocxB a (cm. xaM xce). Ycjiobhmch roBopnxB, nxo MexpHnecKoe npocxpancxBo X 
JlOKaAhHO C6H3H0, eCJIH flJIH HpOHSBOJIBHOH OKpCCXHOCXH U HpOHSBOJIBHOH XOHKH Xq & X 

Hafl^excH oKpecxHocxB V (Z U, HBjiHiomaHCH CBH3HOH (cM. [T4l 1.49.6]). CnpaBe^jiHBa cjie- 
flyioman 

TeopeMa 1 . IlycTh G - o6jiacTh b jioKajibHo cbsshom h jioKajiBHo KOMnaxTHOM MexpHne- 
CKOM npocTpancTBe (X, d, p) c KOHennoA xaycpopc^oBoa pasMepHocTbio a ^ 2, a {X', d', p') 
- MeTpHHecKoe npocxpancTBo, KOTopoe aBjiaeTca a'-peryjiapHbiM no Ajibcjpopcy n b KOTopoM 
Bbinojineno (1;p)-HepaBeHCTBo UyanKape, p G [a' — 1, a']. 

IlycTb Z X' — neKOTopbin (^nKcnpoBannbin map pap^nyca R. 06o3HannM nepes 
,q,xo,Q,B[i,s{G) ceMencTBo KOJibpeBbix (p, q, Q)-roMeoMopc^n3MOB f: G ^ Br \ Kf b Tonxe 
Xq E G TaKHx, HTo sup d'{x,y) ^ 6 > 0, r^e Kj Z Br - neKOTopbin KOHTnnyyM. Torpa 


x,y£K f 


ceMencTBo oTo6paxceHnn ^p^q^xo,Q,Bii,s{G) aBjinexca paBHocTenenno nenpepbiBHbiM b Tonxe 
Xq G G, earn q E {l,a] n Q E FMO{xq). 

KaK 6 yp,ex BH pp o h 3 p,ajiBHeHmero, npHBep,eHHBiH pe 3 yjiBxax, KacaroipHHCH paBHocxenen- 
HOH HenpepniBHocxH oxo 6 pa>KeHHH, pacnpocxpaHHexcn xaKxce na xohkh 3 aMBiKaHHH o 6 jia- 
cxH, a He xojiBKo Ha BHyxpeHHHe ee xohkh. IIpH oxom, 3 p;ecB xpe 6 yioxcH onpep;ejieHHBie 
p,onojiHHxejiBHBie ycjioBHH Ha rpaHHpy o 6 jiacxH. B cBa 3 H c oxhm, nanoMHHM HeKoxopwe 
onpep;ejieHHH, a xaKJKe npHBep;eM BancHBiH BcnoMoraxejiBHBiii pe 3 yjiBxax o npop,oji>KeHHH 
roMeoMop 4 )H 3 MOB B MexpHHocKHx HpocxpaHcxBax. 

06jiacxB D Ha3BiBaexcH AonaAbuo censHou e mouKe xq E dD, ecjiH pjis jho6oh oKpecxHo- 
cxH U XOHKH xo HaHp;excH oKpecxHocxB V ZU xaKan, hxo mhojkooxbo V ZD cbh3ho (cm. m 
1.49.6]). AnajiorHHHo, o6jiacxB D 6yp,>Kex Ha3BiBaxBC5i AonaAbHo auhcuho c6H3hou e moHKe 
Xq E dD, ecjiH pjia jho6oh oKpecxHocxH U xohkh xq HaHp;excH oKpecxHocxB V Z U xanan, 
HXO MHOJKecxBo V (1 D jiHHeHHo CBH3HO. CoxjiacHo |15) . o6jiacxB D B R"" 6yp;eM Ha3BiBaxB 
odAacmhm K6a3U9KcmpeMaAhHou Oauhu omnocumeAhHo p-ModyAA, coKp. QED-o6Aacmhw 
omnocumeAhHo p-ModyAA, ecjiH 


Mp{T{E, E, X))<A- Mp{T{E, E, D)) 


( 7 ) 


pjin KOHCHHoro HHCJia A > 1 H Bcex KOHxnnyyMOB E n F b D. IlycxB p,q ^ 1, D - oGjiacxB 
B MexpHHecKOM npocxpaHcxBe (X, d, p) c kohchhoh xaycp,op(|)OBOH pa3MepHocxBio a ^ 2 , 
Q : A —)■ [0, cxd] - H3MepHMaH (|)yHKH;HH, Q{x) = 0 npn Bcex x ^ D. OxoCpaxcenHe / : 
D —)■ X 6yp;eM Ha3BiBaxB KOAbpeeuM {p,q,Q)-omo6paatceHueM e moHne Xq E dD, ecjiH pjis 
HCKoxoporo ro = r{xo), npoH3BOJiBHBix KOJiBpa A = A{xo,ri,r 2 ), peHxpnpoBaHHoro b xohkc 
Xq, pap;HycoB: ri, r2, 0 < ri < r2 < ’"o = '^{xq) h jhoGbix KOHxnnyyMOB Ei Z B{xQ,ri) fl D, 
E 2 Z (X \ B{xo,r 2 )) n D oxo6pa>KeHHe / yp;oBjiexBopHex cooxhohichhio 




A 
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fljiH KajKfloii HSMepHMoii 4)yHKn,HH rj : (ri, r 2 ) [0, oo], xaKOH hto HMeex Mecxo cooxHomeHHe 



HMeex Mecxo cjie^yiomaH xeopeMa. 

TeopeMa 2. IlycTh G - o6jiacTh b MexpHnecKOM npocTpancTse {X, d, p) c jioKajibHo ko- 
HeHHoii 6opejieBCKOH Mepoii p h KOHenHOH xaycpopcjpoBOHpasMepnocTbio a ^ 2, a (X d', p') 
- MeTpHHecKoe npocTpancTBO, aBjiawipeeca a'-peryjiapnbiM no Ajibcpopcy, b KOTopoM Bbi- 
nojineno [I] p)-HepaBeHCTBo UyanKape, p G [a' — l,a']. UycTb Taxace o6jiacTb G jioKajibno 
jinnenno cBasna b Tonxax rpannpbi, a o6jiacTb G' C Br aBjiaerca QED-o6aacTbio othoch- 
TeabHo p-Mopyaa, rpe Br - neKOTopbin map b X', Taxon hto Br - xoMnaxT b X'. Torpa 
nponsBoabnbin xoabpeBon (p, q, Q)-roMeoMop(jDn3M f : G ^ G' b Tonxe b G dG Taxon, 
nxo f{G) = G', q G (1, a], nmeeT nenpepbwnoe npopoaacenne b Tonxy b npn ycaoBnn, nxo 


Q G FMOib). 


06o3HaHHM Hepea 9^p,g,Q,ao,bo(^) ^0 ceMeflcxBo, cocxoaipee h3 Bcex KOJiBpeBBix {p,q,Q)- 
roMeoMop4)H3MOB /: G —)■ G' B Ka>Kp;oH xoHKe Xo G G xaxHX, hxo /(oq) = ai ^ bi = 
/(6o), /(G) = G'. OcHOBHOH peayjiBxax HacxoHmeH paGoxBi aaKjnonaex b ce6e cjiep;yK)iri;ee 
yxBep>Kp,eHHe. 

TeopeMa 3. UycTb G - oGaacTb b aoxajibno cBasnoM n cenapa6eabnoM MeTpnnecxoM 
npocTpancTBe (X, d, p) c xonennon xaycpopcpoBon pasMepnocTbX) a ^ 2, aoxajibno annenno 
CBasnaa b xayxpon Tonxe cBoen rpannpbi, a {X',d',p') - Mexpnnecxoe npocxpancTBo, a'- 
peryaapnoe no Aabipopcy, b xoTopoM Bbinoaneno {1] p)-nepaBencTBO Uyanxape, p E [a' — 
IIpepnoaoacHM, o6aacTb G' C Br aBaaeTca QED-o6aacTbio oTnocnTeabno p-Mopyaa, 
G' C Br, Br - nexoTopbin (^nxcnpoBannbin map b X', Taxon, hto Br xoMnaxT, npnneM 
nanperca neBbiporxpennbin xonxnnyyM K C Br \G'. 

IJycTbQ G EMO{G) nq G (l,a]. Torpa xampoe OTo6pa>xenne ceMencTBa'^p q ,Q,ao,bo{G, G') 
npopoayxaoTca no nenpepbmnocTn na dG, npn otom, ceMencTBo yip,q,Q,ao,bo{G , G'), cocToa- 
ipee H3 Bcex npopoarxennbix Taxma o6pa30M oToGpamennn f : G ^ G' aBaaexca paBnocxe- 
nenno nenpepbwnbiM b xarxpon Tonxe Xq G G. 

2. PaBHOCxeneHHcia nenpepbiBHOCxt roMeoMopcJjHSMOB BHyxpn o6jiacTH. Cjiep;y- 
loipaa jieMMa Moxcex 6 bixb nojieaHofi npn Hccjiep;oBaHHH cBoficxBa paBHocxenenHofi nenpe- 
pBiBHocxH Q-roMeoMop4)H3MOB, yp,oBjiexBop3ioiii;Hx (]5]), B HanGojiee oGipeH cnxyapHH. 

JieMMa 1. UycTb G - odaacTb b MBTpnnecxoM npocxpancTBe {X,d,p) c xonennon xa- 
ycpopipoBOH paoMepnocTbK) a ^ 2, a {X',d',p') - Taxrxe, nexoTopoe Mexpnnecxoe npo- 
CTpancTBO c xonennon xaycpopcjpoBon paoMepnocTbio a' ^ 2. UycTb p,q^lnf\ G^X' 
— xoabpeBon {p, q, Q)-roMeoMop(^n3M b Tonxe Xq G G, xpoMe Toro, nycTb tq > 0 xaxoBo, 
nxo map B{xq, Tq) aeacnx co cbohm oaMbixanneM b G. IIpepnoaoacnM, nxo paa nexoToporo 
nncaa 0 < £o < ’"oj nexoToporo Eq G (0,£o) ^ ceMencTBa neoTpnpaxeabnbix nnMepnMbix no 
JIe6ery (pynxpnn tjje : {e, £o) —^ [0, cxd], £ G (0, Eq) , Bbinoaneno ycaoBne 


Q{x) ■ ijj{d{x, xo)) dp{x) ^ E{e, £o) V £ G (0, Eq), 


(9) 


e<d{x,xo)<eo 
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r^e F{e^ eo) — HeKOTopaa (pyRKpaa r 


£0 


0 < J(£,£o) := / i’e{t)dt < oo V £ e ( 0 ,eo). 


( 10 ) 


Torpa paa ccpep Si = S{xo, e) r 82 = S{xo, eo), 0 < e < Eq BbmoaReRO RepaBeRcxBo 
Mp{f{T{Si, S2, A))) ^ F{e, eo)/I\e, Eo) V e e ( 0 , e') , 


( 11 ) 


rpe A = {x ^ G : E < d{x, Xo) < £o}- 

/doKasameABcmeo. PaccMoxpHM ceMeficTBo HSMepHMbix cJ^ynKpHii Pslt) = 'ips{t)/I{E,Eo), 

£0 

t G {e, £o)- SaMexHM, hxo pjia e G (0,eo) BtinojiHeno paBencxBo J dt = 1. Tor^a h3 

£ 

onpe^ejieHHH KOJiBpeBoro (p, g, (5)-roMeoMop4)H3Ma b xonxe xq h cooxHomenHil (|9]) nojiynaeM 
HepaBencxBo dnj, □ 

CnpaBep;jiHBo cjiep;yioiri;ee yxBep>Kp,eHHe (cm. [HI npep;jio>KeHHe 4.7]). 

npe^jio:a<;eHHe 1. UycTb X — a-peryaapRoe ro Aabcpopcy MexpRaecKoe RpocxpaRCTBo 
c MepoR, B KOTopoM BbiRoaRaeTca (1; p)-RepaBeRCTBo IlyaRKape, a ^ 1, P > 1- Torpa paa 
RpoRSBoabRbix KORTRRyyMOB E R F, copepacaRjRxca b Riape B{xo, R), r rckotopor rocto- 
aRROR C* > 0 BbiRoaRaeTca RepaaeRCTBo 


mp{e,f,x))^F 


min{diam E, diam F } 

J^l+p—a 


TenepB ccJiopMyjiHpyeM h p,oKa>KeM yxBep>Kp;eHHe o paBHocxenennoH nenpepBiBHocxH kojib- 
pcBBix (p, q, (5)-roMeoMop4)H3MOB Me>Kp;y MexpHHecKHMH npocxpancxBaMH b «MaKCHMajiB- 
HOH» cxeneHH oGipnocxH. 

JleMMa 2. IlycTb G - oGaacxb b aoKaabRo cbasROM r aoKaabRo KOMRaxTROM MerpRae- 
CKOM RpocTpaRCTBe (X, d, fi) c KOReaROR xaycpopcpoBOR pasMepROCTbio a ^ 2, a (X', d', p') 
- MexpRaecKoe RpocxpaRcxBo, a'-peryaapaoe ro Aabcpopcy, b KoxopoM BbmoaReRO (l;p)- 
RepabeRcxBo IlyaRKape, p G [a' — 1, a']. 

Ilycxb ro > 0 xaKOBo, axo Riap B{xo, ro) aeacRx co cborm saMbixaRReM b G r 0 < Eq < xq. 
UpepRoaojKRM xaKRce, axo paa ROKoxoporo aRcaa Eq G ( 0 , £0) ^ ceMCRCxBa ReoxpRpa- 
xeabRbix RSMepRMbix ro JleGery cpyRKRpR {'^^(t)}, ip,,: (£,£o) (O5O0); ^ ^ (OXid) i 

RoaRORO ycaoBRe (j9]), rpe Rexoxopaa sapaRRaa (pyRKpRa F{e,Eo) ypoBaexBopaex ycaoBRw 
F{e,Eo) = o{F{e,Eo)), a I{e,Eo) ORpepeaaexca cooxRomeRReM (fTOl) . 

Ilycxb Br C X' — ReKoxopbiR (pRKCRpobaRRbiR Riap papRyca R. 06o3RaaRM aepes 
,q,xo,Q,Bu,s{G) ceueRcxBo KoabpeBbix (p, q, Q)-roMeoMop<pR3MOB f: G ^ Br \ Kf b xoaxe 
Xq E G xaKRX, axo q G (1, a] r sup d\x, g) ^ <5 > 0, rpe Kf C Br - ReKoxopbiR KORXRRy- 

x,yGKf 

yM. Torpa ceMe&cxBo oxodpaxeRRii 2f{p^g^xo,Q,BR,siG) abaaexca paBRocxeReRRO ReRpepbWRbiM 
B xoaxe Xq G G. 

/doKasameabcmeo. IlycxB Xq E G, f E ^p,q,xo,Q,Bn, 5 {G). IlocKOJiBKy npocxpaucxBO X 
jioKajiBHo CB5I3HO H jioKajiBHo KOMuaKXHo, MOJKHO BBidpaxB nocjiep;oBaxejiBHocxB mapOB 



B{xo,ek), k = 0,1,2,..., —)■ 0 npn k ^ oo, xaKHx hto Vk+i C B{xo,ek) C Vk, r^e 

Vk - KOHTHHyyMbi B G. SaMexHM, Hxo f{Vk) h Kf - KonxHHyyMbi b Bji (b hbcxhocxh, fiVk) 
- KOHXHHyyM KaK HenpepBiBHBiil oOpaa KOHXHHyyMa, cm. da xeopcMa 1, III, § 41 H xeope- 
Ma 3, I, § 46]). Tor^a no npe^Jicncennio [IjnpH neKoxopon nocxoannoH C > 0 nojiynnM: 




minidiamil'j, diam/(I4)} 

J^l+p—a' 


( 12 ) 


SaMCXHM, nxo npn k ^ 1 nponaBOjibnan KpnBan 7 G ^{Kf, f{Vk),X') coe 7 ;HH 5 iex f{B{xQ, £0)) 
H X'\f{B{xo,eo)), nooxoMy HaH 7 ;exc 5 i xonna yi G I 7 I H f{S{xo,eo)) n ti G (0,1) xanne, nxo 
7 (^ 1 ) = ?/i H l7l[o,ii)l ^ f{B{xo,eo)) (cm. dl npe7;jio>KeHHe 13.3], cm. xannce da Tcope- 
Ma 1.1.46]). OdoananHM 71 := 7|[o,ti), h nycxB cxi = /“^(7i). SaMCXHM, nxo |q;i| G B{xo,eo). 
SaMCXHM 7 ,ajiee, nxo ai pcjihkom ne jicjkhx hh b B{xo,ek-i), hh b X \ B{xQ,ek-i), no- 
oxoMy HaH7,exc5i ^2 ^ (0,ti) xanoe, nxo 01 (^ 2 ) G S{xo,ek-i) (cm. da TcopcMa 1.1.46]) h 
I®[ i2,il]l ^ \ B{xo,ek-l)- riojIOJKHM 0(2 = ai|[t 2 ,ii]- SaMCXHM, HXO 72 := /(a2 ) hbjihcxch 

no 7 ,KpHBOH 7. Hcxo7,h h 3 CKaaaHHoro, 


T{Kf, f{Vk),X') > T{f{S{xo, Sk-i), f{S{xo, £o)), f{A ))), 

r7;c A = {x G X : Ek-i < d{x,Xo) < £o}, oxKy7;a BBH7;y cooxHomcHHH ([3]) 

/(I4), X')) ^ M,{T{f{S{xo, Sk-i), f{S{xo, £o)), fiA )))). 

Tor7,a h3 cooxhohichhh ffT^ h m BBixcKacx, nxo 

NX .xxxx 1 min|diamX/-, diam f ( 14)1 

A. 4 (r(/(S(i„,£t_,),/(S(a:„.e„)),/( 2 l)))) > --i- 


(13) 


(14) 


C 7;pyroH cxopoHw, h3 jicmmbi[T]h ycjioBHH F{e,eo) = o{F{e,eo)) BwxcKacx, nxo 


^p(r(/(5'(xo, Sk-i), f{S{xo, So)), f{A)))) —)■ 0 

npn A: —)■ oo, nosxoMy jiioGoro a > 0 HaH7;excH ko G N = kQ{a) xaKon, nxo npn bccx 
k ^ ko 

Mp(T{f{S{xo,ek-i),f{S{xo,eo)),f{A)))) < a. 

B xaKOM cjiynac, h 3 ffl^ BwxcKacx, nxo npn yKaaaHHwx fc G N 


min{diamXj, diam /(14)} < cr. (15) 

IlocKOJiBKy HO ycjioBHK) diamXj ^ 6 > 0 bccx / h 3 paccMaxpHBacMoro ccmchcxbb 
oxodpajKCHHH, xo min{diamXj, diam/(I4)} = diam/(I4) nannHan c HCKoxoporo HOMcpa 
ki ^ kQ, ki = ki{a). Tor7;a h 3 (IT5|) BBixcxacx, nxo 


diam/(I4) < cr (16) 

npH BCCX k ^ ki. Us BKjiioncHHH 14+1 C B{xo,ek) C 14 cjic7;ycx, nxo HcpaBcncxBo (IT^ 
bbihojihcho xaKJKc B mapc B{xQ,ek) npn k ^ A:i(ct). Hojiojkhm e{a) := Sk^- OKonnaxcjiB- 
Ho, nncjia a > 0 HaH7;exc5i e{a) > 0 xaxoc, nxo npn d{x,xo) < e{a) bbihojihcho 
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d'{f{x),f{xQ)) < a, HTo H oananaeT paBHocxeneHHyio HenpeptiBHocTt ceMeficTBa oTo6pa- 
JKeHHH ^p,q,xo,Q,BR,5{^) ^ TOHKe Xq. □ 

/doKasameAhcmeo meopejuw [U BBixeKaex h3 jibivimbiHIh [H jieMMa 13.2], 

/leHcxBHxejiBHo, corjiacHo [H jieMMa 13.2], ycjioBHe Q G FMO{yo) Bjienex, hxo npn neKo- 
xopoM £o > 0 H £ —)■ 0 

J Q{x) ■i^'^id{y,yo))dfx{y) = O (^oglog^'^ , 

e<d{y,yo)<so 

j ^0 

r^e 7p{t) = {t > 0 H 1 < g ^ a. KaK h npejK^e, onpe^ejiHM I{e,eo) := f 'ip{t)dt, 

xor^a ^ 

£0 , 
f log - 

I{e,eo)= / > log ^-r- 

i 

B xaKOM cjiynae, saKjiioHaeM, hxo ycjioBHa (|9 |) - flT0|) . (|)HrypHpyioiii;He b jieMMe[2l BBinojinenBi 
H, 3HaHHx, H3 3XOH jiBMMBi BBixBKaex xpe6yeMoe yxBepjK^eHHe. □ 

3. O HenpepMBHOM npoflOJixcenHH roMeoMopcJjHSMOB b MexpHnecKOM npocxpan- 
CTBe. Anajicr cjie^yiomeH jieMMBi flOKa3BiBajiC5i B.H. P33aHOBBiM h P.P. Cbjikmobbim b pa- 
6oxe j6] fljiH cjiynaH, Kor^a rpanHpBi oxo6pa>KeHHBix oGjiacxefi chjibho ^ocxhjkhmbi, jih6o 
HBjiaioxcji cjia6o njiocKHMH (cm. xaKJKe cxaxBio ini). yKa3aHHBie ycjioBHa na rpaHHpBi mbi 
3aMeH5ieM HHJKe xpeGoBanneM BH^a ([7]), npn 3xom, 3^ecB npncyxcxByiox xaxjKe HCKoxopBie 
flonojiHHxejiBHBie orpaHHHenHH na caMH MexpH^ecKHe npocxpancxBa. IlpHBefleHHoe HHJKe 
yxBepjKflCHHe ycxanoBjicHo b [I7| (cm. xaKJKc j6]) b nacxHOM cjiynae, Kor^a p = a' , q = a. 
B cjiynae npoH3BOJiBHBix p vl q HajiHHHe ynoMHHyxofl cbh3h, nacKOJiBKO naM mbbccxho, hc 
ycxanoBjicHO. 

JieMMa 3. UycTh G - o6jiacTh b MexpHnecKOM npocTpancTBe {X, d, p) c KoneHROH 
xaycpopcpoBoii pasMepnocTbio a ^ 2, a {X',d', p') - MexpHnecKoe npocxpancxBo, aBjiaio- 
ipeeca a'-peryjiapnbiM no Ajibcpopcy b KoxopoM BbinojineHO (1;p)-HepaBeHCXBO UyaHKape, 
p G [a' — 1, a']. Ilycxb xannce o6jiacxb G jioKajibHo jinnenHo cbasna b xonxax rpaHnpbi, a 
o6jiacxb G' C Br abjinexca QED-o6jiacxbio oxnocnxejibno p-Mopyjia, rpe - neKoxopbin 
map B X', xaKon nxo B^ - KOMnanx b X'. 

UpepnojiayKHM xanxe, nxo nanpexca £o > 0 n nenoxopaa noaoacnxeabnaa nsMepnMaa 
(pyHKpna ^ (0; ^o) (0) oo), Taxaa nxo paa Bcex e G (0, Sq) 

£0 

0</(e,£o) = J ilj{t)dt < oo (17) 

£ 

n npn e —>■ 0 b nenoxopoM q G (1, a] 

J Q{x) ■'4)'^{d{x,h)) dp{x) = o{B{e,eQ)), (18) 

A(h,e,£o) 
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rfle A := A{b, e, £ 9 ) onpeflejieHo b Tor^a npoHSBOJibHoe KOJibpeBoe {p, q, Q)-oTo6pa>KeHHe 
f : G ^ G' B TOHKB b G dG TaKoe, hto f{G) = G', HMeex nenpepbiBHoe npofl,ojiyKeHHe b 
TOHK y b. 

/JoKasameAhcmeo. IIocKOJibKy G' C Br h Br - KOMnaxT b X', npe^ejiBHoe MHoacecTBo 
G{f,b) He nycTo. 

npe^HOJiojKHM npoTHBHoe, a HMeHHo, HTo oToGpajKeHHe / He HMeex nenpepBiBHoro npo- 
flOJiJKeHHH B TOHKy b. Tor^a HaH^yxcH, no KpaHHefi Mepe, ^Be nocjie^oBaxejiBHocxH Xi, 
xl G G, i = 1,2, , xaKHe, hxo Xi b, xl —>■ b npn i ^ 00 , f{xi) y, f{xl) —>■ y' npn 
i ^ 00 ny' ^ y. Oxmbxhm, hxo y ay' E dD' , xaK khk / - roMeoMop 4 )H 3 M (cm. [H npe^jiojKe- 
HHe 13.5]). SaMexHM, hxo b oxom cjiynae naii^excH <5 > 0 xaKoe, hxo d\f{xi), /(x/)) ^ 6 > 0 
npH Bcex i G N. Coe^HHHM xohkh Xi h x/ kphboh Gi, pejiHKOM jie>KaHi;eH b B{b,2~^), hxo 
BOSMOJKHO BBH^y JIOKajIBHOH CBH3HOCXH oGjiaCXH G B XOHKe b. IlyCXB G- = f{Gi), xor^a 
diamC'/ ^ S > 0 npn Bcex i G N. He orpaHHHHBaa oO ttt hocxh paccyjK^eHHH, mojkho chh- 
xaxB, HXO G\B{b, £ 0 ) 7^ 0- BniGepeM npoH 3 BOJiBHyio xoHKy zo G G\B{b, £ 0 ) h coe^HHHM ee c 
xoHKoii b jioKajiBHo cnpHMjiHeMOH KpHBOH, jiejKameii b G (hxo bo 3 mo>kho BBH^y [H npefljio- 
jKeHHe 13.2]). Tor^a y oxoh kphboh cymecxByex no;];KpHBaH, jiejKamaH b G\B{b, £ 0 ) BBH^y 
[H npe^jiojKeHHe 13.3] (cm. ho oxoMy noBo^y xaKxce [T^ xeopeMa 1.1.46]). 3xy no^KpHByio 
o 6 o 3 HaHHM Hepe 3 K h 3 aMexHM, hxo ona npe^cxaBjiHex co 6 oh hckoxopbih cJiHKCHpoBaHHBiH 
KOHXHHyyM B G\B{b, £ 9 ), xor^a npn Gojibhihx i G N HMeeM: K C G \ i?(6, 2 “*). 

Tor^a, c o^hoh cxopoHBi, nocKOJiBKy G' HBjiHexcn QED-o()jiacxBK) oxhochxcjibho p- 
MO^yjIH, xo 

M,(T{C;, f(K), G'))^l- M,(T(C;, f(K),X‘). (19) 

HocKOJiBKy X' = Br HBjiHexcH a'-peryjiHpHBiM no AjiB(|)opcy h, KpoMe xoro, b X' bbihoji- 
HCHo (l;p)-HepaBeHcxBo HyanKape, BBH^y npe^jiojKeHHH [1] 


f(Tx\ MO ^ 1 min{diam/(A:),diamG/} 

Mp[T[C^,t[K),X ) ^ -- pp+p-a' - 

r^e ^1 He 3aBHCHx ox i. H 3 (fT^ h fl20|) BwxeKaex, hxo 


^ (5i > 0 , 


( 20 ) 


M,X(CIJ(K),G'))^ 5,>0, 


( 21 ) 


r^e 82 He 3aBHCHx ox i. 


C flpyroH cxopoHBi, paccMoxpHM ceMeflcxBo kphbbix Fj, coe^HHHiomHx K h G^. PaccMox- 
pHM (|)yHKH;HIO 


M ^ J ^^o), t G (2 \£9), 

1 0, t gM\(2-*,£9), 


£0 

r^e I{e,eo) := J 'ip(t)dt, y^oBjiexBopnex ycjiOBHio HopMHpoBKH BH^a (E]) npn ri := 2~\ 
€ 

r 2 := £ 9 . B CHjiy onpe^ejieHHH KOJinpeBoro (p, g, Q)-oxo6pa>KeHH5i / : G —)■ G' b xohko 
b G dG, a xaKJKe cooxHomeHHH (fT71) - (lT8|) 6yp;eM hmoxb, hxo 


M, (/ (F,)) = M,(F(G/, fiK), G')) < A(*), 


(22) 
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r^e A(i) ^0 npn i —)■ oo. O^naKo, (12^ npoTHBope^HT (12T]) . hto h ^oKaat-iBaeT yxBepjK^eHHe 

JieMMBI. □ 

/(oKasameA'bcmeo meopeMu [H BBixeKaex h 3 jieMMBi |3] na ocHOBannH paccyac^enHii, ana- 
jioxHHHBix paccyjK^eHHJiM, c^ejiaHHBix npH ^oKaaaxejiBcxBe xeopeMBi [H □ 

4. O paBHOCxeneHHOH nenpeptiBHOCxH roMeoMopcJjHSMOB b saMBiKaHHH o6jia- 

CTH. 06o3HaHHM Hepe3 ^p,g,Q,ao,feo(^) ^') ceMeilcxBo, cocxoHipee h 3 Bcex KOJiBpeBBix (p, q, Q)- 
roMeoMop4)H3MOB /: G —)■ G" B KaJKp;oH xoHKe Xq E G xaxHX, hxo /(oq) = ai ^ h\ = /(feo), 
/(G) = G'. HMeex Mecxo cjiep;yioiri;ee yxBep>Kp;eHHe. 

JleMMa 4. UycTh G - o6jiacTb b jioKajibHo cbhshom h cenapa6ejibHOM MerpHnecKOM 
npocTpancTBe (X, d, p) c KOHeHHoii xaycpopcpoBoii pasMepnocTbio a ^ 2, jioKajiBHo jih- 
He&Ho cBasHaa b Kaacpoii Tonxe cBoea rpanHupi, a {X',d', p') - MexpHnecKoe npocxpan- 
CTBo, a'-peryjiapnoe no Ajibcpopcy, b KOTopoM Bbinojineno (l;p)-HepaBeHCTBo UyanKape, 
p E [a' — 1, a']. IIpepnojioncnM, o6jiacTb G' C Br aBjiaerca QED-o6jiacTbio oTHocnTejib- 
Ho p-Mopyjia, Bji - neKOTopbin (^nKcnpoBannhin map b X', Br - KounaKT b X', npnneu 
nanpeTca neBBipoacpennhin KOHTnnyyM K C Br \ G' . 

UpepnonoacHM, pjia Kaacpon tohkh xq E G, neKOToporo nncaa E (0,£o)) = ^ 0 ( 2 ^ 0 ); 

H ceMencTBa nsMepnMbix no JIe6ery c^ynKpnn {/'e(t)}, (e:,eo) ^ (0,oo), £ E (0,eg), 

BBinoaneno ycaoBne ([2]) , rpe nexoTopaa sapannaa (pynxpna F(e, Eq) ypoBaeTBopaex ycaoBnio 
F{e,eo) = o{F{e,eo)), a I{e,eo) onpepejiaexca cooxnomenneM (fTOl) . 

Torpa Kaacpoe OTo6paacenne ceMencxBa yip,q,Q,ao,bo{G,G'), q E (l,a], npopoaacaeTca no 
nenpepbiBnocTH na dG, npn otom, ceuencTBo ^p,q,Q,ao,bo{G, G'), cocxoanjee ns Bcex npopoji- 
acennbix TaKHM oGpasoM OToGpaacennn f : G ^ G' aBaaoTca paBnocxenenno nenpepbiBnbiM 
B Kaxpon Tonxe Xq E G. 

/doKasameAhcmeo. SaMexHM, hxo G - jioKajiBHo KOMnaKxno. /(encxBHxejiBHo, xax kbk G' 
KOMnaKx, xo mapBi B{yQ,e) C G' KOMnaKXHBi, a nocKOJiBKy /(G) = G' npn npoH3BOJiBHOM 
/ E yip^q^Q^ao,bo{G,G'), xo KaKOBa 6 bI HH 6BIJia XOHKa Xq E G, MHOJKeCXBO f~^{B{Xo,e)) 
KOMnaKXHo KaK HenpepBiBHBiii o6pa3 KOMnaxxa h, op,HOBpeMeHHo, aBjiHexca oKpecxnocxBio 
XOHKH Xq. 

KpoMe xoro, 3aMexHM, hxo G' HMeex xaycp;op4)OBy pa3MepHocxB a', hxo BBixexaex h 3 
a'-peryjiapHocxH no AjiB(|)opcy npocxpancxBa X' (cm. paccynyi^eHHH na c. 61 b |12)/ 

B xaKOM cjiynae, paBHocxenennaH HenpepwBHocxB ceMeficxBa npop;oji>KeHHBix no nenpe- 
pBiBHocxH oxo6pa>KeHHH yip,q,Q,ao,bo{G, G') (p,Ji5i yp;o6cxBa o6o3HaneHHn ne MenneM) bo Bnyx- 
pennnx xonnax oGjiacxn G aBjinexcn yxBep>Kp;eHHeM jiommbi |2l a bo3mo>khocxb nenpepniBno- 
ro npop;oji>KeHHn na rpannpy - jieMMW [3l OcxajiocB p,OKa3axB paBnocxenennyio nenpepniB- 
HocxB ceMencxBa ‘yip,q,Q,ao,boi^^^') ^ Tonxax dG. 

npep;nojio>KHM npoxnanoe, xorp,a HaHp;excH Xq G dG n nncjio a > 0 xaxoe, nxo pjia 
Ka>Kp;oro m = 1, 2,... cymecxByiox xonna Xm ^ G n ojieMenx fm ceMeiicxBa “^^q^Q^aQ^boiG, G') 
xanne, nxo d{xo,Xm) < 1/m n 


d i^f1 /m(^o)) ^ ® • 


(23) 
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Beh^Y B03M0JKH0CTH HenpepEiBHoro npofloJi>KeHH3 KajK^oro fm Ha rpaHHpy G, mbi MOJKeM 
CHHTaXB, HTO Xm G G. 

B CHJiy JIOKajIBHOH JIHHeHHOH CB5I3HOCTH oGjiaCTH G B TOHKe Xq Hafl^eXCH nOCJie^OBaxejIB- 
HocxB oKpecxHocxefi Vm xoHKH xq c diam Vm — )■ 0 npH m —)• oo, xarae hxo MHOHcecxBa 
G n Vm HBJIHIOXCH o6jiaCX3MH H Xm € G fl Vm- T.K. XpaHHHHBie XOHKH oGjiaCXH, JIOKajIBHO 
CB5I3HOH Ha XpaHHpe HBJIHIOXCH flOCXHJKHMBIMH H3 G HeKOXOpBIM JIOKajIBHO CHpHMJIHeMBIM 
nyxeM, cm. IH npe^JioJKeHHe 13.2], mbi mojkcm coc^hhhxb xohkh Xm h Xq nenpepBiBHOH Kpn- 
BOH 7m(t) : [0, 1] -)■ G XaKOH, hxo 7^(0) = Xq, 7^(1) = Xm ^ Imit) e Vm npH t e (0, 1). 
MoJKHO CHHXaXB, HXO |7m| C B{xQ,l/m). 06o3HaHHM Hepe3 Gm o6pa3 KpHBOH 7m(^) npH 
OXoGpaJKCHHH fm- V.3 COOXHOHieHHH (|23|) BBIXCKaOX, HXO 

diam Gm ^ cl V m G N . (24) 


Coe7,HHHM XOHKH Qf) h Bq & G US ycjioBHH jieMMBi KpHBoii /3 : [0,1] — )■ G, jiejKaipeH b G, 

xaKOH HXO /9(0) = ao H (3{1) = &o- Mojkho chhxbxb, hxo dist (|/5|,9G) > £ 0 ( 2 ^ 0 ), r 7 ;e £o(a^o) 

- H3 ycjiOBHH jieMMBi, a, KaK o6bihho, |/3| = {a: G G : 31 G [0,1] : /5(t) = x} - hochxcjib 

KpHBOH (3. IloCKOJIBKy CeMCHCXBO y^p,q,Q,ao,bo{'^i ^') HEJIHCXCH paBHOCXenCHHO HenpcpBIBHBIM 

B G, Br - KOMnaKx, a G - cenapadejiBHo, ^p^q^Q^ao,bo{G,G') hejihcxch HopMajiBHBiM BBH 7 ;y 

KpHxepHH Appejia-AcKOJiH (cm. m nyHKx 20.4]). B xaKOM cjiynae, ne orpaHHHHBaa odipno- 

cxH paccyjK7;eHHH, mojkho cHHxaxB, hxo HaH7;excH nenpepBiBHoe oxodpanccHHe / : G —)■ B^i, 

xaKoe HXO sup d'{fm{x), f (x)) —?• 0 npn m —)■ 00 . Tor 7 ;a f{\/3\) - KOMnaKx b X' kbk o6pa3 
a:e|/3| 

KOMHaKxa |/3| C G npn nenpepBiBHOM oxodpajKCHHH /. 


Bo3mo>khbi 7 ;Be CHxyapHH: 1) f{\(3\) C G', xor 7 ,a nojiaracM B := /(|/3|); 2) f{\/3\) fl 

dG' 7 ^ 0. B 3 XOM cjiynae nojiaracM to := { sup t : f{(3{r)) G G' npn Bcex r G [0,t]}. 

te[o,i] 

Bobbmcm xenepB npoH3BOJiBHoe Sq < to h hojiojkhm B := /(|/9[o,so]!)• OHeBH7;HO, b odcHX 
H3 7 ;Byx cHxyapHH B - HeBBipo>K 7 ;eHHBiH KOHxnnyyM b G', npn oxom, cyipecxByex komhukx 
G = |/d[o,so]l) 0 < So ^ 1, xaKOH HXO /(G) = B. Tor 7 ;a BBH 7 ,y jioKajiBHo paBHOMepHoil 
cxo 7 ;hmocxh /m k / HaH7;excH fco G M xaKofl, hxo 

diam {fm{G)) > ;= > 0 Vm ^ fco . (25) 


PaCCMOXpHM XenepB CeMCHCXBO KPHBBIX Vm = r(/m(G), Gm, G'). rioCKOJIBKy no yCJIOBHK) 
G' HBjiHcxca QED-o()jia.cxi,K), a npocxpancxBo X' aBjiaexca a '-peryjiHpHBiM no AjiBcJiopcy, 
B KoxopoM BBiHOJiHCHO (1; p)-HepaBeHCXBO IlyaHKape, xo BBH7;y npe7;jio>KeHH5i [H (124|) h (|2^ 
6y7;eM hmcxb: 


Mp{Tm) ^ ^•M,(r(/m(G),Gm,X')) ^ ^ 


min{ diam/m(G), diamGm} 

J^l+p—a' 


^ Ml > 0 , (26) 


r7;e Mi - HCKOxopaH nocxouHHaH, Koxopan ne 3 aBHCHX ox m G N. C 7;pyroH cxopoHBi, 
XaK KaK fm - rOMeOMOp(|)H 3 M, xo Bm = r(/m(G),Gm,G') = /m(r(G, |7m|, G) , npHHCM 
G C G \ B{xo,eo), a |7m| C B{xo,l/m). Tor 7 ;a no onpe7;ejieHHio KOJiupcBoro {p,q,Q)- 

roMeoMop4)H3Ma b XOHKC Xq 


Mp(rm) =Mp(r(/m(G),Gm,G')) =Mp(/m(r(G),| 7 m|,G)) ^ 
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Q(x) ■ 'ij'^(d(x, Xo))dju(x) 


(27) 


A(xo,:^,£o) 


eo 


flJIH KaJK^Oil H3MepHMOH (JiyHKpHH Tj ! ( —,£9) [O, C)o], TaKOH HTO J rj{r)dr ^ 1. SaMeXHM, 

m 

HTO (|)yHKn;HH 

r]{t) = 


t e (l/m,£o), 
0, t G M \ (1/m, £ 0 ), 


£0 


r^e I{e,eo) := f 'il!{t)dt, y^oBjieTBopHex ycjioBHio nopMHpoBKH BH^a (E]) npn ri := 1/m, 

e _ 

'f'2 '■= £oi no3XOMy h 3 ycjiOBHH fl27p h (jH]) BBixexaex, hxo 


Mp(Tm) ^ a(l/m) 0 (28) 

npH m —)■ cx), r^e a{e) - HeKoxopaa HeoxpnpaxejiBHaH cJ^ynKpHa, cxpeMHipaHCH k nyjiio 
npH e —)• 0, Koxopaa cyipecxByex BBHpy ycjioBHH ([9]). OpnaKo, cooxHomenHe (|28|) npoxn- 
BopeHHx (126|) . IIojiyHeHHoe npoxHaopenne yKa3biBaex na xo, hxo ncxopnoe npepnojiojKeHne 
(|23l) Gbijio HeBepHbiM, h, 3HaHHx, ceMeflcxBo oxo6pa>KeHHH 9^p,g,Q,ao,bo(^) ^0 paBHocxeneHHo 
HenpepBiBHo b xonxe a:o ^ dG. □ 

/JoKasameAhcmeo meopeMu 0 BBixexaex h 3 jieMMBi H] na ocHOBannH paccyacpenHii, ana- 
jioxHHHBix paccyjKpeHHJiM, cpejiaHHBix npH poKa3axejiBcxBe xeopeMbi [1] □ 

5. SaKJiKJHHxejibHbie saMenaHHa. BojiBinaa aacxb ycjioBHH, npHcyxcxByroipHx b oc- 
HOBHBix pe3yjibxaxax cxaxbH, no-BHpHMOMy, 3 bjihioxch xojibko pocxaxoHHbiMH. TeM ne Menee, 
onnineM neKoxopBie xpe6oBaHHa, Koxoptie mojkho o6o3HaHHXb, xax «6jiH3KHe k HeoGxopn- 

MBIM». 

IIpejKpe Bcero, b xeopeMax (H [2] h |3] HejiB3a, Boo6iri;e roBopa, oxKa3axbca ox ycjioBHa 
Q G FMO, 3aMeHHB ero 6ojiee cjiaGbiM xpeGoBanneM Q E L^. /],Jia npocxoxbi paccMoxpHM 
X = X' = M” CO cxanpapxHOH cbrjikpoboh MexpHKofl h JIcGcxoboh Mepofl. Ilycxb, xpo- 
Me xoro, q = p = n. B sxom cjiyaae oxoGpajKenne, ypoBjiexBoparoipee opcHKe (IH]) GypcM 
Ha3BiBaxb npocxo «KOJiBpeBbiM Q-roMeoMop(|)H3MOM». Hhjkc npHBepen pe3yjiBxax, oxhoch- 
ipHHca K paBHOcxencHHOH Henpept-IBHOCXH (no noBopy ycxpanenna ocoGchhocxh cm., nanp., 
lU npepjiojKenne 6.3]). 

IIojiojKHM D := B"\{0} C M"", D' := 5(0, 2)\{0} C M". 06o3HanHM nepe3 Stg ccmchcxbo 
B cex KOJiBpeBBix Q-roMeoMop4)H3MOB )-M”b xonne 0. CnpaBcpjiHBo cjiepyiomee 

yxBcpjKpenne. 

TeopeMa 4. /J/ra Kaacporo p > 1 nanpexca (^ynKpna Q : ^ [1, cx)], Q(a:) G 

H nocjieflOBaxejihHocTh G 21q xaKaa, nxo KayKflpm ajieMeHx nMeex nenpephiBHoe npo- 
^ojiyKeHHe b tohky xq = 0, npM 9tom, ceMe&cxBo {pm(a^)}m=i He siBjiaeTcsi paBHocxenenHo 
HenpepbiBHbiM b TOHKe xq = 0. 

/lloKasameAbcmeo. SacJinKcnpycM p > 1 n a G (0,?T./p(n — 1)), a < 1, n onpepejiHM 
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nocjieflOBaxejibHocTb \ {0} M" cjie^yiomHM o6pa30M: 


gm{x) 


l+|a:|° 

1^1 

l+(l/m)° 

(1/m) 


■X, 

■X, 


1/m < |a;| < 1, 
0 < |x| < 1/m . 


SaMexHM, Hxo KajK/];oe h 3 npeo6pa30BaHHH oxo6pa>Kaex H = ]B"^\{0} na npoKOJioxBm map 
D' = -B(0, 2)\{0}, H Hxo xoHKa aio = 0 HBjiaexca ycxpaHHMoii ocoGoii xohkoh gm, m G N. 
Bojiee xoro, lim gm{x) = 0 n gm, nocxoHHHo na MHOJKecxBe |x| > 1/m. /I,eHcxBHxejiBHo, 

gm{x) = g{x) npH x : ^ < \x\ < 1, m = 1,2... , rji^e g{x) = • x. 

SaMexHM, Hxo gm e ACL/E"-). ^eficxBHxejiBHo, oxoGpaaceHHe gm\x) = ^^i/m)^ ■ x, m = 
1,2,, npHHa/],jie>KHx Kjiaccy b 5(0,1/m + e) npn /(ocxaxoHHo MajiBix e > 0. C /(pyrofl 
cxopoHBi, oxoGpajKeHHH gm^ {x) = • X npHHa/],jie>Kax Kjiaccy b 


y4(0,1/m — e, 1) = {x G M"' : 1/m — e: < |x| < 1} 


npii /(ocxaxoHHo MajiBix e: > 0. Cjie/],OBaxejiBHo, oxo6pa>KeHH3 gm hbjihioxch jiHnmnpeBBiMH 
B B"" 11 , cjie/];oBaxejiBHo, gm G ACL{M‘^) (cm., nanp., [TOl pa3/],. 5, c. 12]). Kax h BBime, mbi 
nojiynacM, hxo 


{x, gm) 


xhNJlY 

Q|a:| " J 

1 , 


l/m < |x| < 1, 
0 < |x| < 1/m. 


SaMCXHM, HXO Kj{x,gm) < Cm npH Ka>K/];OM m G N H HeKOXOpoii nOCXOHHHOfi Cm- B XaKOM 
cjiynae, gm G ^ 9m ^ 2)), nocKOJiBKy gm h g^ aBjiaioxca KBa3HKOH- 

(JiopMHBiMH (cm., nanp., [TOl cjie/],cxBHe 13.3 n xeopcMa 34.6]). Ho jT] xeopcMa 8.6], oxoGpa- 
JKeHHa gm HBJBIIOXCH KOJIBpeBBIMH Q-rOMeOMOp(|)H3MaMH b5=B”\{0} npH Q = Qm{x) '.= 
Kj{x,gm)- riocKOJiBKy ap{n — 1) < n, mbi nojiyHHM, hxo Q G L^(B"). C flpyroii cxopoHBi, 

MBI HMCCM, HXO 

lim|^(x)| = l, (29) 


H g oxo6pa>Kaex B”\{0}Hal<|i/|<2. H 3 cooxHomenim fl2^ BBixexaex, hxo 


\gm{x)\ = \g{x)\>l V x:|x|>l/m, m = l, 2 ,..., 

x.e., ceMCHCxBo {gm}m=i He aBjiaexcH paBHocxenenno nenpepBiBHBiM b nanaiie Koop/];HHax. 

B ycjioBimx xeopeMBi [3l /(axce b cjiynae Q{x) = 1, ox ycjioBHH cJuiKcapiiH, no Kpannen 
Mepe, o/];hoh BHyxpennen xonxn oGjiacxn D Ka>K/];BiM roMeoMop(|m3MOM / cooxBexcxByioipero 
ceMencxBa oxoGpajKennn, oxxaBaxBcn hcjibbu. CxaBaHHoe BBime noKa3BiBaex cjie/],yK)iu;HH 
npiiMep ceMencxBa kohcJiopmhbix (Q(x) = 1) oxoGpaJKennn na njiocKocxn: ft{z) = 
Koxopoe npn xanyi^oM (JinKcnpoBannoM t G (—1,1) nepeBO/];HX o6jiacxB 5 = B^ C C na 
_D' = B^ C C, CM., nanp., [T8l cooxHomenne (12), rji. V, §1]. ripn 3xom, npn Ka>K/];oM 
(JinKcnpoBannoM 2 ; G B^, ft{z) — >■ —1 npn t ^ 1, b xo nee BpeMn, /t(l) = 1 npn Bcex 
t G (—1,1), oxKy/],a cjie/];yex, nxo ceMeflcxBo ft{z) ne HBjmexcn paBHocxenenno nenpepBiBHBiM 
B xonxe zq = 1. OxnocnxejiBno neoGxo/^HMocxn nee (JinxcapHn /(Byx n 6ojiee xonex oGjiacxn 
MBI nnnero ne MoneeM cKa3axB - oxo ycjioBne Moneex oxhochxbch k Mexo/];y /(oxaBaxejiBcxBa 
H, xaKHM o6pa30M, ne 6bixb Heo6xo/];HMBiM. 
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